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Abstract In this paper, we proposed an procedure to construct the completion of the integrable
system by adding a perturbation to the generalized matrix problem, which can be used to
continuous integrable couplings, discrete integrable couplings and super integrable couplings. As
example, we construct the completion of the Kaup-Newell (KN) integrable coupling, the Wadati-
Konno-Ichikawa (WKI) integrable couplingsis, vector Ablowitz-Kaup-Newell-Segur (vAKNS)
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1 Introduction
In 1968, Lax proposed the Lax pair approach for studying the KdV equation[1]. A Lax pair
formulation is generally equivalent to a zero curvature equation [2]. An system of the partial
differential equations (PDEs) or differential-difference equations (DDEs) is said to be integrable,
if it is generated from a continuous zero curvature equation [3]
Ut − Vx + [U, V ] = 0, (1)
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or discrete zero curvature equation
Ut + UV − (EV )U = 0. (2)
where the squares matrices, U and V , are called a Lax pair, often comes from a matrix loop
algebra[4]. How to seek for new integrable system is an important and interesting topic in the
study of mathematical physics. Integrable couplings, which are the integrable coupled systems
containing given system as their sub-systems, have much richer mathematical structures, such
as Hamiltonian structure, infinitely many symmetries and conservation laws of triangular form
[5]-[15]. So integrable couplings becomes one of the important topics in the field of integrable
systems. At present, based on the zero curvature presentation, a few approaches have been
proposed for constructing integrable couplings, including perturbation, enlarging spectral prob-
lem and creating semi-direct sum of the Lie algebra. Mathematically, a continuous or discrete
integrable system reads
ut = K(u) = K(u, ux, · · ·)(orK(u,Eu,E−1u)) = J δH1
δu
, (3)
the integrable couplings of integrable system (3) is a triangular integrable system of the following
form [5] 
ut = K(u),
vt = S(u, v).
(4)
An example of the integrable couplings is the first-order pertubation[5]
ut = K(u),
vt = K
′[v],
(5)
where K ′ is the Gateaux derivative defined by K ′(u)[v] = ∂∂εK(u+ εv, ux + εvx, · · ·).
Non-semisimple Lie algebra can decomposed into the semi-direct sum of the semisimple
Lie algebra and solvable, so semi-direct sum of Lie algebra lay a foundation for constructing
integrable couplings. Now we consider the non-semisimple Lie algebra g consisting of the square
2
matrices M(U,U1) in the block form, i. e.
M(U,U1) =
 U U1
0 U
 , (6)
where U and U1 are square matrices of the same order. This Lie algebra g possess the semi-direct
sum decomposition g = g ⊕ gc, where g = M(U, 0) is semisimple and gc = M(0, U1) is solvable.
The notation of semi-direct sum implies that the subalgebra g and gc satisfy [g, gc] ⊆ gc, with
[., .] denoting Lie bracket of g. Also the closure property between g and gc under the matrix
multiplication is required, that is to say ggc, gcg ⊆ gc.
In our paper, based on the non-semisimple Lie algebra g, we propose a method to construct
generalized integrable coupled system 
ut = K(u, v),
vt = S(u, v),
(7)
which can be reduced to the standard integrable couplings (5). In this sense, we call the
system (58) ”completion of the integrable couplings ”. In this paper, we will apply this
method to continuous integrable couplings, discrete integrable couplings and super integrable
couplings.Concretely, we construct the completion of the Kaup-Newell (KN) integrable coupling,
the Wadati-Konno-Ichikawa (WKI) integrable couplingsis, vector Ablowitz-Kaup-Newell-Segur
(vAKNS) integrable couplings, the Volterra integrable couplings, Dirac type integrable couplings
and NLS-mKdV type integrable couplings. What’s more, we take the complete integrable sys-
tem of the KN integrable coupling as an example to show that its Hamiltonian structure can be
constructed by variable identity.
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2 Completion of the continuous integrable couplings
2.1 Completion of the KN integrable couplings
2.1.1 Complete integrable system of the KN integrable couplings
Consider the generalized spectral problem
φx = Uφ, u =

p
q
r
s

, φ =

φ1
φ2
φ3
φ4

, (8)
where the spectral matrix U is chosen as
U =
 U U1
0 U
 =

λ2 + h λp 0 λr
λq −λ2 − h λs 0
0 0 λ2 + h λ
0 0 λq −λ2 − h

, h = ε(ps+ qr) (9)
here a nonlinear perturbation term h is added to the spectral matrix. When ε = 0, it reduces to
the case of KN integrable couplings[16, 17]. From the above spectral matrix, we can work out
the complete system of the KN integrable couplings.
Now let us assume that W has the following form
W =
 W W1
0 W
 =

a b f d
c −a g −f
0 0 a b
0 0 c −a

(10)
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and solving the stationary zero curvature equation W x = [U,W ] gives
ax = λpc− λqb,
bx = 2λ
2b+ 2hb− 2λpa,
cx = −2λ2c− 2hc+ 2λqa,
dx = 2λ
2d− 2λar − 2λfp+ 2hd,
fx = −λbs+ λrc− λdq + λgp,
gx = −2λ2g + 2λas+ 2λqf − 2gh.
(11)
Further, let a, b, c possess the Laurent expansions:
a =
∑
i≥0
aiλ
−2i, b =
∑
i≥0
biλ
−2i−1, c =
∑
i≥0
ciλ
−2i−1,
f =
∑
i≥0
fiλ
−2i, d =
∑
i≥0
diλ
−2i−1, g =
∑
i≥0
giλ
−2i−1.
Equivalently, the system (11) leads to the recursion relations
aix = pci − qbi,
bi+1 =
1
2bix + pai+1 − hbi,
ci+1 = −12cix + qai+1 − hci,
di+1 =
1
2dix + rai+1 + pfi+1 − hdi, i ≥ 0
fix = −sbi + rci − qdi + pgi,
gi+1 = −12gix + sai+1 + qfi+1 − hgi.
(12)
upon taking the initial data
a0 = 1, b0 = p, c0 = q, d0 = r, g0 = s, f0 = 1.
To guarantee the uniqueness of {ai, bi, ci, di, fi, gi|i ≥ 1} , we impose the conditions on constants
of integration.
ai |u=0= bi |u=0= ci |u=0= di |u=0= fi |u=0= gi |u=0 .
Thus, the first two sets can be listed as follows:
a1 = −pq
2
, b1 =
1
2
px − 1
2
p2q− ε(ps+ qr)p, c1 = −1
2
qx − 1
2
pq2 − ε(ps+ qr)q, f1 = −1
2
(ps+ qr),
5
d1 =
1
2
rx − pqr − 1
2
p2s− ε(ps+ qr)r, g1 = −1
2
sx − pqs− 1
2
q2r − ε(ps+ qr)s,
a2 =
1
4
(pqx − qpx) + 3
8
p2q2 + ε(ps+ qr)pq,
b2 =
1
4
pxx − (3
4
qp+ ε(ps+ qr))px +
3
8
p3q2 +
3
2
ε(ps+ qr)p2q + ε2(ps+ qr)2p,
c2 =
1
4
qxx + (
3
4
qp+ ε(ps+ qr))qx +
3
8
q3p2 +
3
2
ε(ps+ qr)pq2 + ε2(ps+ qr)2q,
f2 =
1
4
(psx − spx − qrx + rqx) + 3
4
(sqp2 + prq2) + ε(ps+ qr)2,
d2 =
1
4
rxx− 3
4
(sppx+rqpx+pqrx)−εrx+ 3
4
sqp3+
9
8
rp2q2+ε(ps+qr)(
3
2
p2s+3rpq)+ε2(ps+qr)2r
g2 =
1
4
sxx+
3
4
(pqsx+spqx+rqqx)+εsx+
3
4
rpq3+
9
8
sp2q2+ε(ps+qr)(
3
2
q2r+3spq)+ε2(ps+qr)2s
Noting
V [m] = λ(λ2m+1W )+ +4m, m ≥ 0, (13)
where the modification term 4m =

δm 0 0 0
0 −δm 0 0
0 0 δm 0
0 0 0 −δm

, δm is undetermined function and
P+ denotes the polynomial part of P , the corresponding zero curvature equations
U tm − V [m]x + [U, V [m]] = 0, m ≥ 0, (14)
give rise to a hierarchy 
pt = 2(−bm+1 + pam+1 + pδm),
qt = 2(cm+1 − qam+1 − qδm), m ≥ 0.
rt = 2(−dm+1 + ram+1 + pfm+1 + rδm),
st = 2(gm+1 − sam+1 − qfm+1 − sδm),
ht = δmx.
(15)
Based on (12) and (15), we can have
δmx = ht = ε(pts+ pst + qtr + qrt)
6
= ε[2s(−bm+1 + pam+1 + pδm) + 2p(gm+1 − sam+1 − qfm+1 − sδm)
+ 2r(cm+1 − qam+1 − qδm) + 2q(−dm+1 + ram+1 + pfm+1 + rδm)]
= 2ε(−sbm+1 + pgm+1 + rcm+1 − qdm+1) = 2εfm+1,x.
So, we choose that δm = 2εfm+1, and generate the complete system of the KN integrable
couplings: 
pt
qt
rt
st

=

2(−bm+1 + pam+1 + 2εpfm+1)
2(cm+1 − qam+1 − 2εqfm+1)
2(−dm+1 + ram+1 + pfm+1 + 2εrfm+1),
2(gm+1 − sam+1 − qfm+1 − 2εsfm+1)

, m ≥ 0. (16)
A nonlinear equation in the above new system is given
pt = −1
2
pxx + (
1
2
p2 − εpr)qx + (pq − εps+ 2ε(ps+ qr))px − εpqrx + εp2sx − ε(ps+ qr)p2q
+ε(3p2q2r + p3sq) + ε2(ps+ qr)p2s− ε2(ps+ qr)2p,
qt =
1
2
qxx + (q
2 + εqs)px + (
1
2
pq − εqr + 2ε(ps+ qr))qx − εpqsx + εq2rx − 3εpq(q2r + pqs)
−4ε2(ps+ qr)2 − 3
4
q3p2 − ε(ps+ qr)pq2 + 2ε2(ps+ qr)2q,
rt = −1
2
rxx + (ps+ qr + εrs)px + (pq + 2ε(2ps+ 3qr))rx + (
1
2
p2 − εpr)sx + (pr − εr2)qx
−3εpqr(qr + ps)− ε(ps+ qr)p(ps+ 2qr)− 6ε2(ps+ qr)2r,
st =
1
2
sxx + (qs+ εs
2)px + (ps+ qr − εsr)qx + (1
2
q2 + εqs)rx + (pq + ε(ps+ 2qr))sx
−3εpqs(qr + ps)− 2ε2(ps+ qr)2s+ ε(ps+ qr)q(2ps+ qr).
2.1.2 Hamiltonian structure of the complete system
In the section, we will construct the Hamiltonian structure for the complete system (16) by
using the variational identity[18]
δ
δu
∫
tr(W
∂U1
∂λ
+W1
∂U
∂λ
)dx = λ−γ
∂
∂λ
λγtr(W
∂U1
∂u
+W1
∂U
∂u
) (17)
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Direct computation gives
tr(W
∂U1
∂λ
+W1
∂U
∂λ
) = 4fλ+ sb+ rc+ qd+ pg, tr(W
∂U1
∂p
+W1
∂U
∂p
) = 2εsf + gλ,
tr(W
∂U1
∂q
+W1
∂U
∂q
) = 2εrf+dλ, tr(W
∂U1
∂r
+W1
∂U
∂r
) = 2εqf+cλ, tr(W
∂U1
∂s
+W1
∂U
∂s
) = 2εpf+bλ.
Substitute the above results into the variational identity (17), we have
δ
δu
∫
(4fλ+ sb+ rc+ qd+ pg)dx = λ−γ
∂
∂λ
λγ

2εsf + gλ
2εrf + dλ
2εqf + cλ,
2εpf + bλ

, (18)
Balancing coefficients of the λ−2m−3 gives
δ
δu
∫
(4fm+2+sbm+1+rcm+1+qdm+1+pgm+1)dx = (γ−2m−2)

2εsfm+1 + gm+1
2εrfm+1 + dm+1
2εqfm+1 + cm+1,
2εpfm+1 + bm+1

. (19)
Consider the case of m = 0, we have γ = 0. Thus, we have
δ
δu
∫
−4fm+2 + sbm+1 + rcm+1 + qdm+1 + pgm+1
2m+ 2
dx =

2εsfm+1 + gm+1
2εrfm+1 + dm+1
2εqfm+1 + cm+1,
2εpfm+1 + bm+1

. (20)
The Hamiltonian structure can be given
utm = Km = J
δHm
δu
, (21)
with a Hamiltonian operator
J =

0 0 −2p∂−1p 2 + 2p∂−1q
0 0 −2 + 2q∂−1p −2q∂−1q
−2p∂−1p 2 + 2p∂−1q −2r∂−1p− 2p∂−1r 2r∂−1q + 2p∂−1s
−2 + 2q∂−1p −2q∂−1q 2s∂−1p+ 2q∂−1r −2s∂−1q − 2q∂−1s

,
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and the Hamiltonian functions
Hm =
∫
−4fm+2 + sbm+1 + rcm+1 + qdm+1 + pgm+1
2m+ 2
dx.
Using recursion relations (12), we can obtain the recursion operator Φ = (Φij)4×4 through
2εsfm+1 + gm+1
2εrfm+1 + dm+1
2εqfm+1 + cm+1,
2εpfm+1 + bm+1

=

Φ11 Φ12 Φ13 Φ14
Φ21 Φ22 Φ23 Φ24
Φ31 Φ32 Φ33 Φ34
Φ41 Φ42 Φ43 Φ44bm


2εsfm + gm
2εrfm + dm
2εqfm + cm,
2εpfm + bm

with
Φ11 = −(εs∂−1p+ 1
2
+
1
2
pq)∂ − (2εs∂−1p+ 1 + pq)h+ Ξ1∂−1p,
Φ12 = −(εs∂−1q + 1
2
q2)∂ + (2εs∂−1q + q2)h− Ξ1∂−1q,
Φ13 = −(εs∂−1r + 1
2
s∂−1p+
1
2
qr)∂ − (2εs∂−1r + s∂−1p+ qr)h+ Ξ1∂−1r,
Φ14 = −(εs∂−1s+ 1
2
s∂−1q +
1
2
qs)∂ + (2εs∂−1s+ s∂−1q + qs)h− Ξ1∂−1s,
Φ21 = −(εr∂−1p+ 1
2
p∂−1p)∂ − (2εr∂−1p+ p∂−1p)h+ Ξ2∂−1p,
Φ22 = −(εr∂−1q + 1
2
p∂−1q)∂ + (2εr∂−1q + p∂−1q)h− Ξ2∂−1q,
Φ23 = −(εr∂−1r + 1
2
q∂−1p+
1
2
p∂−1r)∂ − (2εr∂−1r + q∂−1p+ p∂−1r)h+ Ξ2∂−1r,
Φ24 = −(εr∂−1s+ 1
2
q∂−1q +
1
2
p∂−1s)∂ + (2εr∂−1s+ q∂−1q + p∂−1s)h− Ξ2∂−1s,
Φ31 = −(εq∂−1p∂ + 2εq∂−1ph+ Ξ3∂−1p,
Φ32 = −(εq∂−1q∂ + 2εq∂−1qh− Ξ3∂−1q,
Φ33 = −(εq∂−1r + 1
2
q∂−1p+
1
2
)∂ − (2εq∂−1r + q∂−1p+ 1)h− Ξ3∂−1r,
Φ34 = −(εq∂−1s+ 1
2
q∂−1q)∂ − (2εq∂−1s+ q∂−1q)h− Ξ3∂−1s,
Φ41 = −(εp∂−1p∂ − 2εp∂−1ph+ Ξ4∂−1p,
Φ42 = −(εp∂−1q∂ + 2εp∂−1qh− Ξ4∂−1q,
9
Φ43 = −(εp∂−1r + 1
2
p∂−1p)∂ − (2εp∂−1r + p∂−1p)h+ Ξ4∂−1r,
Φ44 = −(εp∂−1s+ 1
2
p∂−1q − 1
2
)∂ + (2εp∂−1s+ p∂−1q − 1)h− Ξ4∂−1s,
where
Ξ1 = 2ε[(εs∂
−1s+
1
2
qs+
1
2
s∂−1q)∂p+(εs∂−1r+
1
2
qr+
1
2
s∂−1p)∂q+(εs∂−1q+
1
2
q2)∂r+(εs∂−1p+
1
2
+
1
2
pq)∂s+hs],
Ξ2 = 2ε[(εr∂
−1s+
1
2
q∂−1q+
1
2
p∂−1s)∂p+(εr∂−1r+
1
2
q∂−1p+
1
2
p∂−1r)∂q+(εr∂−1q+p∂−1q)∂r+(εr∂−1p+p∂−1p)∂s],
Ξ3 = 2ε
2(q∂−1s∂p+ q∂−1r∂q + q∂−1q∂r + q∂−1p∂s), ‘
Ξ4 = 2ε[(εp∂
−1s+
1
2
p∂−1q − 1
2
)∂p+ (εp∂−1r +
1
2
p∂−1p)∂q + εp∂−1q∂r + εp∂−1p∂s+ ph].
Thus, we show that all members in the hierarchy (57) are bi-Hamiltonian
utm = Km = J
δHm
δu
= M
δHm−1
δu
, m ≥ 0, (22)
where the second Hamiltonian operator is given by M = JΦ.
So, the soliton hierarchy (57) is Liouville integrable. Particularly, it possesses infinitely many
commuting conserved functions and symmetries:
{Hk, Hl}J =
∫
(
δHk
δu
)TJ
δHl
δu
dx = 0, k, l ≥ 0,
{Hk, Hl}M =
∫
(
δHk
δu
)TM
δHl
δu
dx = 0, k, l ≥ 0,
and
[Kk,Kl] = K
′
k(u)[Kl]−K ′l(u)[Kk] = 0, k, l ≥ 0.
These commuting relations are also consequences of the Virasoro algebra of Lax operators[19].
2.2 Completion of the WKI integrable couplings
Consider the following generalized spectral problem
φx = Uφ, u =

p
q
r
s

, φ =

φ1
φ2
φ3
φ4

, (23)
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with the spectral matrix U as follows
U¯ =
 U U1
0 U
 =

λ+ h λp 0 λr
λq −λ− h λs 0
0 0 λ+ h λp
0 0 λq −λ− h

, h = ε(ps+ qr)x. (24)
Here, a nonlinear perturbation term h is added to the spectral matrix. When ε = 0, it reduces
the case of WKI integrable couplings[20, 21]. From thus spectral matrix, we can work out the
complete system of the WKI integrable couplings by standard procedure.
Solving the stationary zero curvature equation W x = [U,W ] (W is given in (10)) gives
ax = λpc− λqb,
bx = 2λb+ 2hb− 2λpa,
cx = −2λc− 2hc+ 2λqa,
dx = 2λd− 2λpf − 2λra+ 2hd,
fx = λpg + λrc− λsb− λqd,
gx = −2λg + 2λqf + 2λsa− 2gh.
(25)
Further, let a, b, c possess the Laurent expansions:
a =
∑
i≥0
aiλ
−i, b =
∑
i≥0
biλ
−i, c =
∑
i≥0
ciλ
−i,
f =
∑
i≥0
fiλ
−i, d =
∑
i≥0
diλ
−i, g =
∑
i≥0
giλ
−i.
Equivalently, the system (25) leads to the recursion relations
aix = pci+1 − qbi+1,
bix = 2bi+1 − 2pai+1 + 2hbi,
cix = −2ci+1 + 2qai+1 − 2hci,
dix = 2di+1 − 2rai+1 − 2pfi+1 + 2hdi, i ≥ 0
fix = −sbi+1 + rci+1 − qdi+1 + pgi+1,
gix = −2gi+1 + sai+1 + qfi+1 − hgi.
(26)
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From (26), we can find that the initial data satisfy
pc0−qb0 = 0, b0 = pa0, c0 = qa0, pg0+rc0−sb0−qd0 = 0, d0 = pf0+ra0, g0 = qf0+sa0, (27)
and am+1, em+1 have the recursion relations
am+1 =
1√
1+pq
∂−1 1√
1+pq
[14pcmxx − 14qbmxx + 12p(hcm)x + 12q(hbm)x − hamx],
fm+1 =
1√
1+pq
∂−1 1√
1+pq
[−√ps+ qr(√ps+ qram+1)x + 14pgmxx + 12p(hgm)x + 14rcmxx
+ 12r(hcm)x − 14sbmxx + 12s(hbm)x − 14qfmxx + 12q(hfm)x].
(28)
To guarantee the uniqueness of {ai, bi, ci, di, fi, gi|i ≥ 1} , we impose the conditions on
constants of integration
ai |u=0= bi |u=0= ci |u=0= di |u=0= fi |u=0= gi |u=0 .
From (26) to (28), we can have
a0 =
1√
1 + pq
, b0 =
p√
1 + pq
, c0 =
q√
1 + pq
, f0 = − ps+ qr
2(1 + pq)
3
2
, d0 =
r√
1 + pq
− p(ps+ qr)
2(1 + pq)
3
2
,
g0 =
s√
1 + pq
− q(ps+ qr)
2(1 + pq)
3
2
, a1 =
1
4
4εpq(ps+ qr)x + pqx − qpx
(1 + pq)
2
3
, b1 =
1
2
2εp(ps+ qr)x + px
(1 + pq)
2
3
,
c1 = −1
2
2εq(ps+ qr)x + qx
(1 + pq)
2
3
f1 =
1
8(1 + pq)2
[2pq(rx − sx) + ps(3pqx − qpx) + qr(pqx − 3qpx)− 2qxr + 2qrx + 2pxs− psx
+4ε(ps+ qr)x(ps+ qr)(pq − 2)],
d1 = (
r
2
√
1 + pq
)x−( p(ps+ qr)
2(1 + pq)
3
2
)x+
r(pqx − qpx)
4(1 + pq)
2
3
+
p
8(1 + pq)2
[2pq(rx−sx)+ps(3pqx−qpx)+qr(pqx−3qpx)
−2qxr+2qrx+2pxs−psx+4ε(ps+qr)x(ps+qr)(pq−2)]−ε( r√
1 + pq
−p(ps+ 3qr)
2(1 + pq)
3
2
)(ps+qr)x,
g1 = −( s
2
√
1 + pq
)x+(
q(ps+ qr)
4(1 + pq)
3
2
)x+
s(pqx − qpx)
4(1 + pq)
2
3
+
q
8(1 + pq)2
[2pq(rx−sx)+ps(3pqx−qpx)+qr(pqx−3qpx)
−2qxr+2qrx+2pxs−psx+4ε(ps+qr)x(ps+qr)(pq−2)]−ε( s√
1 + pq
− q(3ps+ qr)
2(1 + pq)
3
2
)(ps+qr)x.
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Taking
V [m] = λ2(λmW )+ +

Am λBm 0 λFm
λCm −Am λGm 0
0 0 Am λBm
0 0 λCm −Am

, (29)
where Bm =
1
2(bmx−2hbm), Cm = 12(−cmx−2hcm), Fm = 12(dmx−2hdm) and Gm = 12(−gmx−
2hgm). Thus, the corresponding zero curvature equation (2.2) give rise to a hierarchy
ptm = Bmx − 2hBm + 2pAm,
qtm = Cmx − 2hCm − 2qAm, m ≥ 0.
rtm = Fmx − 2hFm + 2rAm,
stm = Gmx + 2hGm − 2sAm,
htm = Amx.
(30)
Based on (26) and (30), we can have
Amx = htm = ε(ptms+ pstm + qtmr + qrtm)x
= ε[
1
2
bmxxs− (hbm)xs− 1
2
pgmxx− (hgm)xp− 1
2
rcmxx− r(hcm)x + 1
2
qdmxx− q(hdm)x + 2hfmx]x
= −2ε((1 + pq)fm+1,x + 1
2
(pqx + qpx)fm+1 + (ps+ qr)am+1,x +
1
2
(psx + spx + rqx + qrx)am + 1)x
= −2ε[√1 + pq(√1 + pqfm+1)x +√ps+ qr(√ps+ qram+1)x]x
So, we can choose Am = −2ε[
√
1 + pq(
√
1 + pqfm+1)x +
√
ps+ qr(
√
ps+ qram+1)x], and gener-
ate the complete system of the WKI integrable couplings:
ptm
qtm
rtm
stm

=

1
2bmxx − (hbm)x − h(bmx − 2hbm)− 4pε[
√
1 + pq(
√
1 + pqfm+1)x +
√
ps+ qr(
√
ps+ qram+1)x)]
−12cmxx − (hcm)x − h(cmx + 2hcm) + 4qε[
√
1 + pq(
√
1 + pqfm+1)x +
√
ps+ qr(
√
ps+ qram+1)x)]
1
2dmxx − (hdm)x − h(dmx − 2hdm)− 4rε[
√
1 + pq(
√
1 + pqfm+1)x +
√
ps+ qr(
√
ps+ qram+1)x)]
−12gmxx − (hgm)x − h(gmx − 2hgm) + 4sε[
√
1 + pq(
√
1 + pqfm+1)x +
√
ps+ qr(
√
ps+ qram+1)x)]

, m ≥ 0.
(31)
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The first nonlinear equation in the above new system can be given
pt0 = (
p
2
√
1 + pq
)xx−εp(ps+ qr)xx√
1 + pq
−2ε(ps+qr)x( p√
1 + pq
)x+
2ε2p(ps+ qr)2x√
1 + pq
−εp√1 + pq[ 1
2(1 + pq)
3
2
(2pq(rx−sx)+ps(3pqx−qpx)+qr(pqx−3qpx)−2qxr+2qrx+2pxs−psx+4ε(ps+qr)x(ps+qr)(pq−2))]x
−4εp√ps+ qr[
√
ps+ qr(4εpq(ps+ qr)x + pqx − qpx)
4(1 + pq)
2
3
]x,
qt0 = −(
q√
1 + pq
)xx−εq(ps+ qr)xx√
1 + pq
−2ε(ps+qr)x( q√
1 + pq
)x−2ε
2q(ps+ qr)2x√
1 + pq
−εq√1 + pq[ 1
2(1 + pq)
3
2
(2pq(rx−sx)+ps(3pqx−qpx)+qr(pqx−3qpx)−2qxr+2qrx+2pxs−psx+4ε(ps+qr)x(ps+qr)(pq−2))]x
−4εq√ps+ qr[
√
ps+ qr(4εpq(ps+ qr)x + pqx − qpx)
4(1 + pq)
2
3
]x,
rt0 = (
r
2
√
1 + pq
− p(ps+ qr)
4(1 + pq)
3
2
)xx−ε(ps+qr)xx[ r√
1 + pq
− p(ps+ qr)
2(1 + pq)
3
2
]−2ε(ps+qr)x[ r√
1 + pq
− p(ps+ qr)
2(1 + pq)
3
2
]x
+2ε2(ps+qr)2x[
r√
1 + pq
− p(ps+ qr)
2(1 + pq)
3
2
]−εr√1 + pq[ 1
2(1 + pq)
3
2
(2pq(rx−sx)+ps(3pqx−qpx)+qr(pqx−3qpx)
−2qxr+2qrx+2pxs−psx+4ε(ps+qr)x(ps+qr)(pq−2))]x−4εr
√
ps+ qr[
√
ps+ qr(4εpq(ps+ qr)x + pqx − qpx)
4(1 + pq)
2
3
]x,
st0 = −(
s
2
√
1 + pq
− q(ps+ qr)
4(1 + pq)
3
2
)xx−ε(ps+qr)xx[ s√
1 + pq
− q(ps+ qr)
2(1 + pq)
3
2
]−2ε(ps+qr)x[ s√
1 + pq
− q(ps+ qr)
2(1 + pq)
3
2
]x
+2ε2(ps+qr)2x[
s√
1 + pq
− q(ps+ qr)
2(1 + pq)
3
2
]−εs√1 + pq[ 1
2(1 + pq)
3
2
(2pq(rx−sx)+ps(3pqx−qpx)+qr(pqx−3qpx)
−2qxr+2qrx+2pxs−psx+4ε(ps+qr)x(ps+qr)(pq−2))]x−4εs
√
ps+ qr[
√
ps+ qr(4εpq(ps+ qr)x + pqx − qpx)
4(1 + pq)
2
3
]x.
2.3 Completion of the vector AKNS integrable couplings
We consider the matrix iso-spectral problem
φx = Uφ, U¯ =
 U U1
0 U
 =

λ+ h p 0 r
q −(λ+ h)IN s 0
0 0 λ+ h p
0 0 q −(λ+ h)IN

, h = ε(ps+ rq),
(32)
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where p = (p1, p2, · · · , pN ), q = (q1, q2, · · · , qN )T , r = (r1, r2, · · · , rN ), s = (s1, s2, · · · , sN )T , IN
is a n− order unit matrix. Here, a nonlinear perturbation term h is added to the spectral matrix.
When ε = 0, it reduces the case of vector AKNS integrable couplings[22, 23]. Based on thus
spectral matrix, we can work out the complete system of the vector AKNS integrable couplings
by standard procedure.
Assume
W =
 W W1
0 W
 =

a b d e
c −aIN f −dIN
0 0 a b
0 0 c −aIN

(33)
where b, e are row vectors, c, f are column vectors, and a, d are real numbers.
Solving the stationary zero curvature equation W x = [U,W ] gives
ax = pc− bq,
bx = 2(λ+ h)b− 2ap,
cx = −2(λ+ h)c+ 2aq,
dx = pf + rc− bs− eq,
ex = 2(λ+ h)e− 2dp− 2ar,
fx = −2(λ+ h)f + 2dq + 2as.
(34)
Let us seek a formal solution of the type
W =

a b d e
c −aIN f −dIN
0 0 a b
0 0 c −aIN

=
∑
i≥0
W iλ
−i, W i =

ai bi di ei
ci −aiIN fi −diIN
0 0 ai bi
0 0 ci −aiIN

(35)
The Eq. (34) recursively define all {ai, bi, ci, di, fi, gi|i ≥ 1} with the initial values
a0 = 1, b0 = (0, 0, · · · , 0)︸ ︷︷ ︸
N
, c0 = (0, 0, · · · , 0)T︸ ︷︷ ︸
N
, d0 = 1, e0 = (0, 0, · · · , 0)︸ ︷︷ ︸
N
, f0 = (0, 0, · · · , 0)T︸ ︷︷ ︸
N
.
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For any integer m ≥ 1, we introduce
V [m] = (λmW )+ +4m =
m∑
i=0
Vi +4m, 4m =

δm 0 0 0
0 −δmIN 0 0
0 0 δm 0
0 0 0 −δmIN

, (36)
where δm is undetermined function. Thus, the corresponding zero curvature equation (2.2) with
U, V defined in (32) and (36) give rise to a hierarchy
ptm = 2bm+1 + 2δmp,
qtm = −2cm+1 − 2δmq, m ≥ 0.
rtm = 2em+1 + 2δmr,
stm = −2fm+1 − 2δms,
htm = δmx.
(37)
Based on(34) and (37), we can have
δmx = htm = ε(ptms+ pstm + qtmr + qrtm)
= ε(2bm+1s− 2pfm+1 + 2em+1q − 2rcm+1) = −2εdm+1,x.
So, we can choose δm = −2εdm+1. The complete system of the vector AKNS integrable couplings
are generated 
pTtm
qtm
rTtm
stm

=

2bTm+1 − 4εpTdm+1
−2cm+1 + 4εqdm+1
2eTm+1 − 4εrTdm+1
−2fm+1 + 4εsdm+1

, m ≥ 0. (38)
The first nonlinear equation in the above new system is
pt2 =
1
2
pxx−(pq)p−ε[(pq)rx+(ps)sx+3(ps)px+2(pxq)r+(pqx)r+(pqx−pxq−pxs−rxq+rqx)p]
+2ε2[(ps+ rq)2p− 2(ps+ rq)(pq + ps+ rq)p],
16
qt2 = −
1
2
qxx+(pq)q−ε[(rxq)q+(pq)sx+(pxq)s+2(pqx)s+(rq)qx+(pqx−pxq−pxs−rxq+rqx)q]
−2ε2[(ps+ rq)2q + 2(ps+ rq)(pq + ps+ rq)q],
rt2 =
1
2
(pxx+rxx)− [pq+ps]p−(pq)r−ε[(rs+rsx+3ps)px+(3rq+2ps+pq)rx+(pqx)r+(psx)p
+(rqx+2pxq+pqx−pxq−pxs−rxq+rqx)r]+2ε2[(ps+rq)2(p+r)−2(ps+rq)(pq+ps+rq)p],
st2 = −
1
2
(qxx+sxx)−(pq+rq+ps)q−ε[(psx+rxq+rxs+pxs)q+(rs+ps+3rq)qx+(3ps+rq)sx
+ (−pqx + pxq+ pxs+ rxq+ rqx + pxs)s]− 2ε2[(ps+ rq)2(q+ s)− 2(ps+ rq)(pq+ ps+ rq)s].
3 Completion of the discrete integrable couplings
In this section, we will show that the procedure of constructing the completion of the integrable
couplings can be applied to the discrete systems. In the following, we will take the Volterra
lattice hierarchy as an example to illustrate it.
3.1 Completion of the Volterra integrable couplings
A generalized discrete spectral problem for the Volterra lattice hierarchy is given by
Eφ = Uφ, U¯ =
 U U1
0 U
 =

1 u+ h 0 r
λ−1 0 0 0
0 0 1 λ+ h
0 0 λ−1 0

, h = εur, (39)
where E is the shift operator and (Emf)(n) = fm(n) = f(n+m). Here, a nonlinear perturbation
term h is added to the spectral matrix. When ε = 0, it reduces the integrable couplings of
Volterra lattice hierarchy [10, 24]. Based on this spectral matrix, we can work out the complete
system of the Volterra lattice integrable couplings.
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Upon setting
Γ =
 Γ Γ1
0 Γ
 =

a b d f
c −a g −d
0 0 a b
0 0 c −a

(40)
The discrete stationary zero curvature equation (EΓ)U − UΓ = 0 gives
a(1) − a+ λ−1b(1) − c(h+ u) = 0,
(h+ u)(a(1) + a)− b = 0,
c(1) − λ−1(a(1) + a) = 0,
(h+ u)c(1) − λ−1b = 0,
−(h+ u)g − cr + d(1) − d+ λ−1f (1) = 0,
g(1) − λ−1(d(1) + d) = 0,
r(a(1) + a) + (u+ h)(d(1) + d)− f = 0,
rc(1) + (u+ h)g(1) − λ−1f = 0.
(41)
Let Γ possess the Laurent expansions
Γ =
∑
i≥0
Γiλ
−i, Γi =

ai bi di fi
ci −ai gi −di
0 0 ai bi
0 0 ci −ai

(42)
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The Eq. (41) equivalently leads to
a
(1)
i+1 − ai+1 − (h+ u)ci+1 + b(1)i = 0,
bi = (h+ u)(a
(1)
i + ai),
c
(1)
i+1 = a
(1)
i + ai,
(h+ u)c
(1)
i+1 = bi,
−(h+ u)gi+1 − rci+1 + d(1)i+1 − di+1 = −f (1)i ,
g
(1)
i+1 = d
(1)
i + di,
r(a
(1)
i + ai) + (u+ h)(d
(1)
i + di)− fi = 0,
rc
(1)
i+1 + (h+ u)g
(1)
i+1 − fi = 0
(43)
Upon choosing a0 =
1
2 , e0 =
1
2 , ai |u=0= 0, ei |u=0= 0, i ≥ 1, all sets of the functions
ai, bi, ci, di, fi and gi can be uniquely determined. The first two sets are
a0 =
1
2
, b0 = u+ h, c0 = 0, d0 =
1
2
, f0 = h+ u+ r, g0 = 0,
a1 = −(h+ u), c1 = 1, b1 = −(h+ u)(u(1) + u), d1 = −(h+ u+ r), g1 = 1,
f1 = −r(u(1) + u)− (h+ u)(h(1) + u(1) + r(1) + h+ u+ r)
The compatibility conditions of the matrix discrete spectral problem
Eφ = Uφ, φt = V
[m]φ, V [m] = (λm+1Γ)++∆m, ∆m =

0 −bm+1 0 −fm+1
0 am+1 + a
(−1)
m+1 0 dm+1 + d
(−1)
m+1
0 0 0 −bm+1
0 0 0 am+1 + a
(−1)
m+1

determine the the complete system of the Volterra lattice integrable couplings utm
rtm
 =
 11+εr (−u(am+1 + a
(−1)
m+1) + εu
2(εr + 1)(dm+1 + d
(−1)
m+1) + bm+1 − εufm+1)
−(εr + 1)u(dm+1 + d(−1)m+1)− r(am+1 + a(−1)m+1) + fm+1
 (44)
The first nonlinear equation in the above new system is
ut0 =
1
1 + εr
[(1 + εr(−1))uu(−1) − uu(1) + εu2r],
rt0 = u(E+E
−1)(u+r)+ε[uu(−1)(1+E−1)r+ur(E−1−E+1)r+u(1)(rr(1)−ur−ur(1))]+ε2ur(E−1+E)ur.
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4 Completion of the super integrable couplings
In this section, we will take super Dirac and super NLS-mKdV integrable hierarchies to show
that the procedure of constructing the completion of the integrable couplings can be applied to
the super integrable system[25, 26, 27].
4.1 Completion of super Dirac integrable couplings
Now we consider the following super spectral problem
φx = Uφ, U¯ =

p λ+ h+ q α r s ξ
−λ− h+ q −p β s −r η
β −α 0 η −ξ 0
0 0 0 p λ+ h+ q α
0 0 0 −λ− h+ q −p β
0 0 0 β −α 0

, h = ε(qs+pr+αη+ξβ).
(45)
Here we would like to point out that p, q, r, s, α, β, ξ and η are all functions of x and t.
p, q, r, s and λ are bosonic, and α, β, ξ and η are fermionic. In the spectral problem (45),
a nonlinear perturbation term h is added. When ε = 0, it reduces the case of super Dirac
integrable couplings [28].
Upon setting
W =

c a+ b ρ d f + g µ
a− b −c σ f − g −d ν
σ −ρ 0 ν −µ 0
0 0 0 c a+ b ρ
0 0 0 a− b −c σ
0 0 0 σ −ρ 0

. (46)
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Solving the stationary zero curvature equation W x = [U,W ] gives
ax = −2λc− 2hc+ 2pb− αρ+ βσ,
bx = 2pa− 2qc− αρ− βσ,
cx = 2λa− 2qb+ 2ha+ ασ + βρ,
ρx = (λ+ q)σ − β(a+ b)− αc+ pρ+ hσ,
σx = (−λ+ q)ρ− pσ − α(a− b) + βc− hρ,
dx = 2λf + 2hf − 2qg − 2bs+ αγ + ξσ − ρη − µβ,
fx = −2λd− 2hd+ 2pg + 2rb− αµ− ξρ+ ησ + βν,
gx = 2ra− 2qd+ 2pf − 2sc− αµ− ξρ− ησ − βν,
µx = λν + pµ+ (h+ q)ν + rρ+ sσ − β(f + g)− αd− η(a+ b)− ξc,
νx = −λµ+ (q − h)µ− pν + sρ− rσ + βd+ α(f + g)− ξ(a− b) + ηc.
(47)
Let us seek a formal solution of the type
W =
∑
i≥0
W iλ
−i, W i =

ci ai + bi ρi di fi + gi µi
ai − bi −ci σi fi − gi −di νi
σi −ρi 0 νi −µi 0
0 0 0 ci ai + bi ρi
0 0 0 ai − bi −ci σi
0 0 0 σi −ρi 0

(48)
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The Eq. (47) equivalently leads to
ai+1 =
1
2cix + qbi − hai − 12ασi − 12βρi,
bi+1,x = 2pai+1 − 2qci+1 − αρi+1 − βσi+1,
ci+1 = −12aix − hci + pbi − 12αρi + 12βσi,
σi+1 =
1
2ρix − qσi + β(ai + bi) + αci − pρi − hσi,
ρi+1 = −12σx + qρi − pσi − α(ai − bi) + βci − hρi,
fi+1 =
1
2dx − hfi + qgi + sbi − 12αγi − 12ξσi + 12ρiη + 12µiβ,
di+1 = −12fix − hdi + pgi + rbi − 12αµi − 12ξρi + 12ησi + 12βνi,
gi+1,x = 2rai+1 − 2qdi+1 + 2pfi+1 − 2sci+1 − αµi+1 − ξρi+1 − ησi+1 − βνi+1,
νi+1 = µix − pµi − (h+ q)νi − rρi − sσi + β(fi + gi) + αdi + η(ai + bi) + ξci,
µi+1 = −νix + (q − h)µi − pνi + sρi − rσi + βdi − α(fi + gi)− ξ(ai − bi) + ηci.
(49)
Choosing the initial values as
a0 = c0 = ρ0 = σ0 = 0, bi = 1, d0 = f0 = µ0 = ν0 = 0, g0 = 1
and assuming ai |u=0= bi |u=0= ci |u=0= di |u=0= fi |u=0= gi |u=0 ρi |u=0= σi |u=0= µi |u=0=
νi |u=0= 0, i ≥ 1, the recursion relation (49) uniquely defines all differential polynomial functions
ai, bi, ci, di, fi, gi, ρi, σi, µi, and νi. The first two sets are:
a1 = q, b1 = 0 c1 = p, ρ1 = α, σ1 = β, d1 = p+ r, f1 = q + s, g1 = 0, µ1 = ξ + α, ν1 = η + β,
a2 =
1
2
px − εq(qs+ pr + αη + ξβ), b2 = 1
2
(q2 + p2 + αβ), c2 = −1
2
qx − εp(qs+ pr + αη + ξβ)
σ2 = αx − εβ(qs+ pr + αη + ξβ), ρ2 = −βx − εα(qs+ pr + αη + ξβ),
d2 = −1
2
(qx + sx)− ε(qs+ pr+ αη+ ξβ)(p+ r), f2 = 1
2
(px + rx)− ε(qs+ pr+ αη+ ξβ)(q+ s),
µ2 = −ηx − βx − ε(qs+ pr+αη+ ξβ)(α+ ξ), ν2 = ξx +αx − ε(qs+ pr+αη+ ξβ)(η+ β),
g2 = pr + qs+
1
2
(p2 + q2) + αη + (α+ ξ)β.
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For any integer m ≥ 1, we take
V [m] = (λmW )+ +4m =
m∑
i=0
Vi +4m, 4m =

0 δm 0 0 0 0
−δm 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 δm 0
0 0 0 −δm 0 0
0 0 0 0 0 0

(50)
where δm is undetermined function. Thus, the corresponding zero curvature equation (2.2) with
U, V defined in (45) and (50) yields
ptm = 2am+1 + 2qδm,
qtm = −2cm+1 − 2pδm, m ≥ 0.
rtm = 2fm+1 + 2sδm,
stm = −2dm+1 − 2rδm,
αtm = σm+1 + βδm,
βtm = −ρm+1 − αδm,
ξtm = γm+1 + ηδm,
ηtm = −µm+1 − ξδm,
htm = δmx.
(51)
Based on (47) and (51), we can have
δmx = htm = ε(qtms+ qstm + ptmr + prtm + αηtm + αtmη + ξβtm + ξtmβ)
= ε(−2scm+1s− 2qdm+1 + 2ram+1q + 2pfm+1 + σn+1η − αµn+1 + γn+1β − ξρn+1) = εgm+1,x.
So, we can choose δm = εgm+1. The complete system of the super dirac integrable couplings are
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generated 
ptm
qtm
rtm
stm
αtm
βtm
ξtm
ηtm

=

2am+1 + 2εqgm+1
−2cm+1 − 2εpgm+1
2fm+1 + 2εsgm+1
−2dm+1 − 2εrgm+1
σm+1 + εβgm+1
−ρm+1 − εαgm+1
γm+1 + εηgm+1
−µm+1 − εξgm+1

, m ≥ 0. (52)
The first nonlinear super system is
pt2 = −
1
2
qxx − 1
2
(ααx − ββx) + q(q2 + p2 + αβ) + ε[2q(ααx + ββx + ηηx + ξξx − pqx + srx
− rsx − spx + qpx)− 2rppx − 2px(αη + ξβ)] + 4ε2[q2s(pr + αη + ξβ) + 2q(p2r2 + q2s2
+2αηξβ) + 2pqr(αη + ξβ)] + 2ε2[(ps+ rq)2p− 2(ps+ rq)(pq + ps+ rq)p],
qt2 =
1
2
pxx − 1
2
(αβx + βαx)− p(q2 + p2 + αβ)− 2ε[p(ααx + ββx + ηηx + ξξx − qpx + srx
−rsx − pqx + rqx) + qx(sq + αη + ξβ)]− 4ε2[p2r(pr + qs+ αη + ξβ)
+pqs(βξ + αη +
1
2
qs) + pαηξβ)],
rt2 = −
1
2
(qxx+sxx)−1
2
(ξαx+ηβx)−α(ξx+αx)−β(βx+ηx)+2q2(r+s+q)+p2(q+s)+2q(αβ+ps+αη+βξ)
+sαβ+2ε[s(−pqx+ααx+ββx+ξξx+ηηx−rsx−qrx)−px(αη+ξβ+pr)+rx(αη+ξβ+s2)]
+ 2ε2[q2s(s2 + qs+ βξ + αη + pr) + s(αη + βξ + spr)(pr + qs) + αβηξ(q + s) + βξpqr],
st2 =
1
2
(pxx+rxx)−1
2
(ξβx+ηαx)−β(ξx+αx)−α(βx+ηx)−q2(r+p)−p2(p+r+2s)−2p(qr+αη+βξ+2αβ)
−rαβ+2ε[r(ααx+ββx+ξξx+ηηx+qpx+srx−qrx)−qx(αη+ξβ+qs)−sx(αη+ξβ+pr+qs−r2)]
(ηβ+αξ)(pr+qs)−4ε2[pαη(qs+r2+ξβ+αη+pr)+r(αη+p2+pr)(sq+βξ)+pβξ(qs+r2)+q2s2(p+r)],
αt2 = −
1
4
βxx+
1
2
[(pβ)x−(qα)x]+ 1
2
β(p2+q2)+εβ(qpx−pqx+srx−rsx+ααx+ηηx+ξξx−αxξ)
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−εαx(pr + qs− αη) + ε2β[qs(qs+ 2pr + 2αη) + pr(pr + 2αη)],
βt2 =
1
4
αxx+
1
2
[(qβ)x− (pα)x]− 1
2
α(p2 + q2) + εα(pqx− qpx− srx+ rsx+ηηx+ ξξx−ββx−βxη)
−εβx(pr + qs+ ξβ)− ε2α[pr(pr + 2qs+ 2βξ) + qs(qs+ 2βξ)],
ξt2 = −(ηxx + βxx) +
1
2
[2pβx + βpx − qαx − 2αqx + (βr)x − (αs)x + ηpx + 2pηx − ξqx − 2qξx]
+
1
2
(β + η)(p2 + q2) + β(ps+ qr)− 2εαx(qs+ pr − βξ + 1
2
αη)− 2εξx(qs+ pr + βξ
+ αη +
1
2
ηξ) + εη(qpx − pqx + srx − rsx + ββx) + ε2[βpr(pr + 2qs+ 2ξη + 2αη + pr)
+βqs(αη + ξη + qs) + η(p2r2 + q2s2) + 2ηpqrs],
ηt2 = αxx + ξxx +
1
2
[2pαx + 2qβx + βqx + αpx + (βs)x + (αr)x + ηqx + 2qηx + rαx + ξpx + 2pξx]
+
1
2
(α− ξ)(p2 + q2) + α(ps+ qr + 1
2
βξ)− 2εβx(qs+ pr − αη + 3
2
ξβ)− 2εηx(qs+ pr + βξ
+αη+
1
2
ηξ)−εξ(qpx−pqx−srx+rsx+ααx)−ε2[αpr(qs+pr+2βξ+2ηξ)+αqs(2βξ+2ηξ+qs)
+ξ(p2r2 + q2s2) + 2ξpqrs].
4.2 Completion of super NLS-mKdV integrable couplings
Similar to the case of the super dirac hierarchy, in this section, we will briefly show how to
construct the complete system of the super NLS-mKdV integrable couplings. Firstly, we consider
the following super spectral problem
φx = Uφ, U¯ =

λ+ h p+ q α 0 r + s ξ
−p+ q −λ− h β −r + s 0 η
β −α 0 η −ξ 0
0 0 0 λ+ h p+ q α
0 0 0 −p+ q −λ− h β
0 0 0 β −α 0

, h = ε(qs−pr+αη+ξβ). (53)
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with p, q, r, s, α, β, ξ, and η are all functions of x and t, p, q, r, s , λ are bosonic, and
α, β, ξ, η are fermionic. Here, h is an added nonlinear perturbation term. When ε = 0, it
reduces the case of super NLS-mKdV integrable couplings[29].
Upon setting
W =

a b+ c ρ d f + g µ
b− c −a σ f − g −d ν
σ −ρ 0 ν −µ 0
0 0 0 a b+ c ρ
0 0 0 b− c −a σ
0 0 0 σ −ρ 0

=
∑
i≥0

ai bi + ci ρi di fi + gi µi
bi − ci −ai σi fi − gi −di νi
σi −ρi 0 νi −µi 0
0 0 0 ai bi + ci ρi
0 0 0 bi − ci −ai σi
0 0 0 σi −ρi 0

λ−i.
(54)
The stationary zero curvature equation W x = [U,W ] gives rise to
ai+1,x = 2pbi+1 − 2qci+1 + ασi+1 + βρi+1,
bi+1 =
1
2cix + qai +
1
2αρi +
1
2βσi − hbi,
ci+1 =
1
2bix + pai +
1
2αρi − 12βσi − hci,
σi+1 = −σix − (p− q)σi + α(ci − bi) + βai − hσi,
ρi+1 = ρix − (p+ q)ρi + αai + β(bi + ci)− hρi,
di+1,x = −2sci+1 + 2rbi+1 + 2pfi+1 − 2qgi+1 + ανi+1 + ξσi+1 + ξσi+1 + βµi+1,
fi+1 =
1
2gix − hfi + qdi + (r + s)ai − 12σiη − νiβ − µiα− ρiξ,
gi+1 =
1
2fix − hgi + pdi − 12ησi − 12βνi − 12µiα− 12ρiξ,
µi+1 = µix − (p+ q)νi − hµi − (r + s)σi + β(fi + gi) + αdi + η(bi + ci) + ξai,
νi+1 = −νix + (p− q)µi − hµi + (s− r)ρi + βdi − α(fi − gi) + ξ(ci − bi) + ηai.
(55)
This system can uniquely determine all sets of functions of ai, bi, ci, di, fi, gi, ρi, σi, µi and
νi upon choosing the initial values as
b0 = c0 = f0 = g0 = ρ0 = σ0 = µ0 = ν0 = 0, a0 = 1, d0 = 1
and assuming ai |u=0= bi |u=0= ci |u=0= di |u=0= fi |u=0= gi |u=0 ρi |u=0= σi |u=0= µi |u=0=
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νi |u=0= 0, i ≥ 1.
The first few sets are:
a1 = 0, b1 = q, c1 = p, ρ1 = α, σ1 = β, d1 = 0, f1 = q+ s, g1 = p+ r, µ1 = ξ+α, ν1 = η+β,
a2 =
1
2
(p2 − q2)− αβ, b2 = 1
2
px − εq(qs− pr + αη + ξβ), c2 = 1
2
qx − εp(qs− pr + αη + ξβ),
ρ2 = αx − εα(qs− pr + αη + ξβ), σ2 = −βx − εβ(qs− pr + αη + ξβ),
f2 =
1
2
(rx+px)−βη−αξ−ε(q+s)(qs−pr+αη+ξβ), g2 = 1
2
(sx+qx)+βη+αξ−ε(p+r)(qs−pr+αη+ξβ),
µ2 = αx + ξx − ε(qs− pr+αη+ ξβ)(α+ ξ), ν2 = −ηx − βx − ε(qs− pr+αη+ ξβ)(η+ β),
d2 = pr − qs+ 1
2
(p2 − q2) + ηα− (α+ ξ)β.
For any integer m ≥ 1, we take
V [m] = (λmW )+ +4m =
m∑
i=0
Vi +4m, 4m =

−εdm+1 0 0 0 0 0
0 εdm+1 0 0 0 0
0 0 0 0 0 0
0 0 0 −εdm+1 0 0
0 0 0 0 εdm+1 0
0 0 0 0 0 0

.
(56)
Thus, the corresponding zero curvature equation (2.2) with U, V defined in (53) and (56)
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determine the complete system of the super NLS-mKdV integrable couplings
ptm
qtm
rtm
stm
αtm
βtm
ξtm
ηtm

=

2bm+1 − 2εqdm+1
2cm+1 − 2εpdm+1
2fm+1 − 2εsdm+1
2gm+1 − 2εrdm+1
ρm+1 − εαdm+1
−σm+1 + εβdm+1
µm+1 − εξdm+1
−νm+1 + εηdm+1

, m ≥ 0. (57)
The first nonlinear super system is
pt2 =
1
2
qxx + ααx − ββx + q(p2 − q2 − 2αβ)− 2ε[q(ξβ)x + (ηα)x + qpx − pqx + αβx + βαx
+
1
2
(spx − qrx + rqx)− spx + qpx + psx) + px(−pr + ξβ + ηα)] + 4ε2[−q2s(pr + αβ)
+q2(ps− ηβ + ξα) + qβ(ξηα− prξ + p(ξ − η)− pα− pα(q(ξ + η) + rqη)],
qt2 =
1
2
pxx + ααx + ββx + p(p
2 − q2 − 2αβ)− 2ε[p(ηαx + αηx − qpx + pqx + βξx + ξβx
+βαx + αβx − 1
2
((qr)x + spx − psx) + 2qηβ + 2(p− q)ξα) + qx(qs+ ξβ + ηα)]
+4ε2[p2(ps− αη + ξβ − αβ − 1
2
pr2)pqs(−αη − αβ − βξ)− 1
2
pq2s2],
αt2 = αxx+
1
2
(βqx+2qβx+βpx+2pβx)+
1
2
α(p2−q2)+ 1
2
ε[α(rqx−rxq+psx−spx−2qpx+2pqx
+2βαx + 2βξx + 2ξβx − 2αxη) + 4αx(pr − qs− ξβ) + 4αηβ(p+ q)]
+2ε2α[pr(pr − qs− βξ) + qs(qs+ 2βξ)− p(qs+ βξ)],
βt2 = −βxx+
1
2
α(px−qx)+αx(p−q)+ 1
2
β(q2−p2)+ 1
2
ε[β(pxs−spx+qrx−qxr−2pqx−2qxp−2βαx
−2ηαx − 2αηx − 6ξβx) + 2βx(pr − qs− ηα)4βξα(q − p)] + 2ε2β[pr(qs− pr + ηα)
+qs(βp− qs− 2ηα)− ηαp],
rt2 =
1
2
(qxx+sxx)+2(βη)x+ββx−ααx−q(3qs−q2+p2+2pr−2αβ+2ηα−2ξβ)+s(p2−2αβ)+ε[s(qxr
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−3qrx−4qpx)+2s(psx+pqx+αβx+βαx+ηαx+αηx+βξx+ξβx−1
2
spx)+2(pr−ηα−ξβ)(rx+px)
−2(pr+ps)(αξ+βη)+2ps(ηβ+ξα)+4ηβs(p+q)+4ε2[p2r2(s+q)+2q2s2(q+2s)+2s2q(αβ+2βξ
+2αη−2pr)+4sq2(αη+βξ−pr)−4r(sp+pq)(αη+βξ)−4ps(αη+βξ+qs)+4αβ(ps+ηξ(q+s))],
st2 =
1
2
(pxx+rxx)−2(βη)x−ββx+ααx+p(3pr−q2+p2−2qs−2ξβ+2ηα−2αβ)−r(q2+2αβ)+ε[r(−rxq
+rqx−pxs−2qpx+2αβx+2βαx+2ηαx+2αηx+2βξx+2ξβx+2pqx+3psx)−2(qs+ηα+ξβ)(qx+sx)
− 4q(r + s)(ξα+ βη) + 8pr(βη + αξ)] + 4ε2[2(q2s2 + p2r2)(p+ 2r)− 4r2p(αη + βξ + qs)
−4rp2(αη+βξ+qs)+4qs(p+2r)(αη+βξ)+4pr(αβ+αη−βξ−qs)+4αβ(rqs+ηξ(p+r))],
µt2 = αxx+ξxx+α(pr−qs−2ξβ−
1
2
q2+
1
2
p2)+
1
2
ξ(p2−q2)+(βx+ηx)(p+q)+ 1
2
(η+β)(px+qx)
+βx(r+s)+
1
2
β(rx+sx)+ε[ξ(αβ)x+ηαx+αηx−βξx+pqx−qpx+ 1
2
(qxr−qrx+psx−pxs))
+(αx+ξx)(pr−qs)−2ηα(αx+ξx)+2ξηβ(p+q)]−ε2[2(q2s2+p2r2)(ξ+α)+2αpr(qs+ξη−βξ)
+2αξ(qs+ p)(η + β)− ξpqs(r + 1)],
νt2 = −βxx−ηxx+
1
2
(β+η)(q2−p2)+ 1
2
(α+ξ)(px−q2)+(αx+ξx)(p−q)+αx(r−s)+ 1
2
β(rx−sx)
−β(pr−qs+2αη)+ε[−η(βαx+3αβx+3αηx+βξx+ξβx+(pq)x+ 1
2
(qrx−qxr+pxs−psx))
−2(βx + ηx)(qs+ βξ − pr)− 3] + ε2[−(q2s2 + p2r2)(β + 2η) + 2ηpr(qs+ ξβ + αβ)
−4ηqs(ξβ + αβ) + 2ηp(qs+ ξβ − αβ + αξ) + ηξαq].
5 Conclusion
To present, there many methods to generate integrable couplings. In generally, the integrable
couplings is a triangular integrable system:
ut = K(u),
vt = S(u, v).
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In this system, the first equation is about u and the second equation is about u and v. At
present paper, we construct a kind of new coupled system
ut = K(u, v),
vt = S(u, v),
(58)
by adding a perturbation term h in the spectral matrix, where h may be the combination of
potential function and its derivatives. We call the system (58) ”completion of the integrable
couplings ”. For this system, its Hamiltonian structure can also be constructed by variable
identity. This method can be applied to continuous integrable couplings, discrete integrable
couplings and super integrable couplings. As an example, we generate the complete integrable
system of the KN integrable coupling and construct its Hamiltonian structure by variable iden-
tity. As application, we also construct the completion of the KN integrable coupling, the WKI
integrable couplingsis, vAKNS integrable couplings, the Volterra integrable couplings, Dirac
type integrable couplings and NLS-mKdV type integrable couplings.
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